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(a)Featurepoints. (b) Invariantquotientfunction. (c) Skeletalrepresentationof
thehigh level Reebgraph.

(d) Applicationto mesh
deformation.

Figure 1. Overview of presented method on an arbitrar y mesh.

Abstract
Manyapplicationsin computergraphicsneedhigh level

shapedescriptions,in order to bene�t froma global under-
standingof shapes.

Topologicalapproachesenablepertinentsurfacedecom-
positions,providingstructural descriptionsof 3D polygonal
meshes;but in practice, their useraisesseveral dif�culties.

In this paper, we presenta novel methodfor the con-
structionof invariant high level Reebgraphs,topological
entitiesthat give a good overview of the shapestructure.
With this aim,weproposean accurateandstraightforward
featurepointextractionalgorithmfor thecomputationof an
invariant and meaningfulquotientfunction. Moreover, we
proposea new graphconstructionalgorithm,basedon an
analysisof theconnectivityevolutionsof discretelevellines.
Thisalgorithmbringsa practical solutionfor thesuppres-
sionof non-signi�cantcritical pointsoverpiecewisecontin-
uousfunctions,providingmeaningfulReebgraphs.

Presentedmethodgivesaccurate results,with satisfac-
tory executiontimesandwithoutinputparameter. Thegeo-
metricalinvarianceof resultinggraphsandtheir robustness
to variation in modelposeand meshsamplingmake them
goodcandidatesfor several applications,like shapedefor-
mation(experimentedin this paper),recognition,compres-
sion,indexing, etc.
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1 Intr oduction

Polygonalmeshis a widely usedrepresentationof 3D
shapes.However, many applicationsin computergraphics
needa higher level shapedescriptionasan input, like its
structurefor example.

To solve this problem,severalapproacheshave beende-
veloped,likemeshsegmentation[14] or skeletonextraction
[5]. Topologicalmethods,basedon Reebgraphs,present
the advantageto preserve the topologicalpropertiesof the
surface.Unfortunately, in practice,theconstructionof Reeb
graphsraisesseveral issues,like invarianceconstraintnon-
respector non-signi�cantcritical point identi�cation. This
may cometo resultsof restrictedusability andof low se-
manticinterest,asunderlinedin [12], thatwe referaslow-
levelReebgraphs.

In thispaper, wepresentanovelmethodfor theconstruc-
tion of invarianthigh level Reebgraphs.First, we present
theoreticalbackgroundsand relatedworks. Secondly, we
introducea new featurepoint extractionalgorithm(cf. �g-
ure 1(a)), which is usedfor the computationof a mean-
ingful and invariantquotientfunction (�gure 1(b)), and a
new graphconstructionalgorithm(�gure 1(c))thatexcludes
non-signi�cantcritical points.Finally, wepresentandcom-
ment on experimentalresultsand evoke possibleapplica-
tions,likemeshdeformation(�gure 1(d)).



Figure 2. Evolution of the level lines of the
height function on a bi­torus, its critical
points and its Reeb graph.

2 Theoretical background

A Reebgraph[13] is a structurethat depictstheevolu-
tionsof the level linesof a givenscalarfunction,usuallya
Morsefunction[10], de�ned overobjectsof any dimension
(k-manifolds). In thissection,we introduceseveralnotions,
restrictedto 2� manifolds,usedin ourapproach.

De�nition 1 (Level line) Letf bea scalarfunctionde�ned
on a 2� manifold M , f : M ! R. Let L be the set of
pointspi , such as8pi 2 L; f (pi ) = f L . L is thelevel line
correspondingto thevaluef L , notedf � 1(f L ).

De�nition 2 (Reebgraph) Let f : M ! R be a scalar
functionde�ned on a 2� manifoldM . TheReebGraphof
f is thequotientspaceof f in M � R by the equivalence
relation(p1; f (p1)) � (p2; f (p2)) , veri�ed if andonly if:

8
<

:

f (p1) = f (p2)
p1 andp2 belongto thesameconnected

componentof f � 1(f (p1))

Concretely speaking, a Reeb graph is composedof
nodes,which representf critical points(seeillustrations2
and3), andof edges,whichrepresenttheconnectedcompo-
nentslinking f critical points.Mostof theReebgraphcon-
structionalgorithms�rst identify thesetof f critical points
andsecondlybuild thegraphfrom theconnectivity relations
of thesepoints.

De�nition 3 (Critical point) Letf bea scalarfunctionde-
�ned ona 2� manifoldM , f : M ! R. A pointp 2 M is a
critical pointof f is thegradientof f vanishedin p.

De�nition 4 (Non-degeneratecritical point) A critical
point p of a scalar function f de�ned on a 2� manifold
is called a non-degeneratecritical point if the matrix of
secondpartials is non-singularin p.

(a)L + =1,L � =0 (b) L + =0, L � =1 (c) L + =2,
L � =2

Figure 3. Non­deg enerate critical point clas­
si�cation.

In thediscretecase,givenavertex v of atriangulatedsur-
faceT, let L + andL � berespectively thenumberof con-
nectedsetsof verticesvi andvj on Lk (v) (v directneigh-
bors,its link) suchasf (vi ) > f (v) andf (vj ) < f (v).

Verticescorrespondingto non-degeneratecritical points
canbeclassi�ed into threecategories,accordingto L + and
L � , asshown in �gure 3: localminima(3(a)),localmaxima
(3(b)) andsimplesaddles(3(c)). We will use�gure 3 color
conventionin therestof thepaper.

As mentionedby Biasotti et al. [1], continuousfunc-
tions, andparticularlyMorse functions[10] (whenall the
critical pointsarenon-degenerate),arepertinentchoicesfor
functionsf . For clarity purpose,we will referto candidate
functionsasquotientfunctionsin the restof the paper, to
underlinetheir usein graphconstruction.

Figure 2 illustratesprevious de�nitions, presentingre-
spectively a scalarfunction(theheightfunction)computed
on a 2� manifold, its non-degeneratecritical points, level
linesof arbitraryrangeandthecorrespondingReebgraph.

3 Relatedwork

Severalapproacheshave beenexploredby thecomputer
graphicscommunityin polygonalmeshdecomposition.

Topologicalmethodsaim to producestructuraldescrip-
tionsof shapeswhereidenti�ed sub-componentsform con-
nectedsets. MorseandReebgraphtheoriesaretwo pow-
erful mathematicaltoolsthatrespectively enableto identify
topologicalpointsof interestover themeshandto capture
their connectivity relationsinto a graphstructure(see�g-
ure 2). Several algorithms[16, 3] have beenproposedto
constructReeb-like graphsin O(n � log(n)) steps(where
n is thenumberof vertices)from piecewiselinearfunctions
computedover themesh.Tarasov andVyalyi [16] propose
local meshrede�nition in order to purge multiple saddles
andto bene�t from Morsefunctionsproperties[10]. How-
ever, thosepapersdonotaddresstheproblemof thequotient
function de�nition. LazarusandVerroust[9] introducesa
novel notion of topologicalstructurecalled Level SetDi-



agram, whoseconstructionis somewhat similar to that of
a Reebgraph. An interestingpoint of this methodis the
useof a quotientfunction, exploited for the diagramcon-
struction,basedonthegeodesicdistanceto asourcevertex.
Unfortunately, thisscalarfunctionsuffersfrom ahighinsta-
bility [6], dueto thenon-deterministelectionof thesource
vertex, which excludesits use in applicationswheresta-
bility is fundamental,like shaperetrieval for example. To
overcomethis problem,within the framework of shapere-
trieval, Hilaga et al. [6] proposeto integratethis function
over the whole mesh. More precisely, they de�ne an ap-
proximationfunction that introducesgeodesicdistancesto
asetof basevertices,homogeneouslyspreadoverthemesh.
Moreover, they proposeanew topologicalstructurescheme
calledMultiresolutionalReebGraph. Basically, they pro-
ceedin a successionof meshpartitionings,accordingto
differentvalue-rangesof their quotientfunction. This ini-
tiative is of a major interestfor 3D shaperetrieval but does
not �t otherapplicative contexts mainly becauseit will be
dif�cult to automaticallyde�ne a propervalue-rangefor an
applicationor another. For aninterestingsurvey oncompu-
tationaltopologyapproachesfor shapemodeling,we defer
thereaderto [1].

In short,the�rst key issueof topologicalapproachesre-
sidesin thede�nition of thequotientfunction. A nonper-
tinent function will presentan importantnumberof criti-
cal points,asunderlinedin [12]. Consequentlythe result-
ing Reebgraphwill presentmany nodesandedgesandwill
notafford a globalandmeaningfuldescriptionof theshape
(low-level Reebgraphs).Moreover, dependingon applica-
tionneeds,thequotientfunctionshouldpresentstabilityand
invarianceproperties[9, 6] but thosefunctionsoftengener-
atemany critical pointsfrom our experience.

The secondkey issueof topologicalapproachesresides
in the graphconstructionstrategy, which shouldonly use
signi�cant critical pointsandshouldnot beconditionedby
a user-parameter. In this paper, we presenta novel method,
whoseobjective is to producehigh-level, stable, invari-
ant and generically-exploitableReebgraphs,solving pre-
viouslymentionedissues.

4 Invariant high level Reebgraphs

Reebgraphsgive a good overview of the structureof
polygonal meshes. Unfortunately, constructinga Reeb
graphfrom a nonpertinentquotientfunctionoftenleadsto
resultsof low semanticinterest– low-level Reebgraphs–
becauseof thenumberof identi�ed critical points.

In this paper, we proposeto challengethis key issueby
proposingan invariantquotientfunction combinedwith a
pertinentcritical point selectionalgorithm,thatenablesthe
constructionof high-levelReebgraphsoverpiecewisecon-
tinuousfunctions.

4.1 Invariant quotient function

Severalscalarfunctionshavebeenproposedby thecom-
puter graphicscommunity to constructtopological struc-
tures.Thechoiceof this functionwill directlyconditionthe
stabilitypropertiesof thetopologicalstructureandtherefore
its usability in application�elds. In this section,we detail
our strategy to computean invariantandmeaningfulquo-
tient function: �rst, weextractmeshfeaturepointsandsec-
ondly, for eachvertex in themesh,wecomputeits geodesic
distanceto theclosestfeaturepoint.

4.1.1 Metric space

Beforede�ning thescalarfunctionitself, a metricspace
needsto bede�ned. Wewill distinguishtwo kindsof metric
spaces:on the �rst handeuclideanonesandon the other
handRiemannianones.

Rotationandtranslationinvariancepropertiescanbeob-
tainedin both,aslong asoriginsaretakenrelatively to the
mesh.As anexample,with aneuclideanmetricspace,the
euclideanbarycenterof themeshcanbechosen.

Scalinginvariancepropertycanbeobtainedin bothmet-
ric spacesaswell, normalizingvaluesin a regardto mesh
globalextrema.

In shapemodeling, geodesicdistancesare interesting
Riemannianmetrics,becausetheir evaluationsaretolerant
to variationsin modelpose.In metricgeometry, a geodesic
is acurvewhichis everywherelocally adistanceminimizer.
More concretely, the geodesicdistancebetweentwo ver-
ticesis the lengthof theshortestpathbetweenthemalong
the mesh,accordingto a given metric. As an example,a
geodesicdistancefrom a handof a humanoidmodelto its
headwill be the samewhetherits armsare folded or not.
For a formaldescriptionof Riemanniangeometry, wedefer
thereaderto [4].

In our approach,to guaranteeinvarianceto rotation,
translation,scalingand model pose,we decideto choose
Riemannianmetrics, and particularly geodesicdistances.
Froman algorithmicpoint of view, geodesicdistancescan
beapproximatedby theMoore-Dijkstraalgorithm(distance
minimizing in weightedgraphs). In the restof this paper,
we will refer to � (v1; v2) asthenormalizedapproximation
of thegeodesicdistancefrom vertex v1 to vertex v2.

4.1.2 Featurepoint extraction

Featurepointsaremeshverticeslocatedon extremities
of prominentcomponents.Fromaperceptivepointof view,
thesetof featurepointsdescribesin a meaningfulway the
globalstructureof ashape.Fromthisobservation,in acom-
parableway to [2], we proposein our methodto usethe
setof featurepointsasoriginsfor geodesicdistanceevalu-
ations.



Severalalgorithmshave beenproposedfor featurepoint
extraction. They �nd applicationsin various �elds, like
shapemetamorphosis,deformationtransfer, texture map-
ping,etc.Forexample,MortaraandPantan�e[11] proposeto
selectasfeaturespointstheverticeswheregaussiancurva-
tureexceedsa giventhreshold.Unfortunately, this method
can miss featurepoints becauseof the thresholdparame-
ter andcannotresolve extractionon constantcurvaturear-
eas.Katz et al. [7] developedanalgorithmbasedon multi-
dimensionalscaling,in quadraticexecutioncomplexity.

Here, we proposea quite straightforward algorithm,
basedon topological tools. Most of the geodesicbased
scalarfunctionlocalextremaappearatextremitiesof promi-
nent components(seeillustrations4(a) and 4(b)), mainly
becausegradientsvanishin thosecon�gurations(cf. de�ni-
tion 3). Therefore,weproposeto realizeacrossedanalysis,
usingtwo geodesicbasedscalarfunctions– whoseorigins
arethemeshmostdistantvertices– andto intersectthesets
of their local extrema.

De�nition 5 (Featurepoints) Let f 1 andf 2 betwo scalar
functionsde�nedon a connectedtriangulatedsurfaceT as
follows:

f 1(v) = � (v; vs1 ) (1)

with:

vs1 2 T = � (vs1 ; vr ) = maxv2 T � (v; vr ) (2)

with vr 2 T a randomlychosenvertex, and:

f 2(v) = � (v; vs2 ) (3)

with:

vs2 2 T = f 1(vs2 ) = maxv2 T f 1(v) (4)

Let E1 andE2 bethesetsof local extremaof f 1 andf 2.
Wede�ne thesetof featurepointsF of T astheintersection
of E1 andE2 :

F = E1 \ E2 (5)

Concretely, we perform a crossedanalysisin order to
purge non-isolatedextrema,as illustratedin �gure 4: f 1

local extremaaredisplayedin yellow (�gure 4(a)) andf 2

extremain cyan(�gure 4(b)). Equation5 is well illustrated
in �gure 4.

In practice,f 1 andf 2 isolatedlocal extremado not ap-
pearexactly on thesameverticesbut in thesamegeodesic
neighborhood. Therefore,we relax the intersectioncon-
straintasfollows:

v 2 F ( )

8
>><

>>:

9ve1 2 E1 = � (v; ve1 ) < �
9ve2 2 E2 = � (v; ve2 ) < �
� (v; vf i ) > � 8vf i 2 F
� 2 [0; 1]

(6)

(a)E1 . (b) E2 . (c)
E1 \ E2 .

Figure 4. Feature point extraction overview.

(a)25000
vertices.

(b) 5 000
vertices.

(c) 1 000
vertices.

Figure 5. Feature point extraction robustness
against mesh sampling variations.

Local extremaidenti�cation is realizedaccordingto the
classi�cation presentedin �gure 3. Moore-Dijkstra's al-
gorithm is an executioncomplexity bottleneck. f 1 andf 2

are computedeachin O(n � log(n)) steps,where n is
the numberof verticesin the mesh. E1 and E2 relaxed
intersectionis performedin O(k � m � log(m)) , where
k = min i 2f 1;2g jE i j andm is the numberof verticesin
thegeodesicneighborhoods.

In our experiments,setting� = 0:05 givesaccuratere-
sults.With thiscon�guration,m neverexceedstwo percent
of n and k rarely exceeds30 (dependingon the model's
topologicalcomplexity). ThereforeE1 andE2 relaxed in-
tersectionalgorithm's execution complexity is negligible
comparedto f 1 andf 2 computations.

In thissection,wepresentedastraightforwardalgorithm
for meshfeaturepoint extraction. This algorithmis based
ongeodesicdistanceevaluationsandthereforeis stableand
invariantto geometricaltransformationsandto modelpose.
Moreover, in order to select featurepoints, we observe
geodesicgradientbehaviors. Consequently, we can state
thatourmethodis robustagainstmeshsamplingvariations,
asillustratedin �gure 5.

4.1.3 Quotient function de�nition

Thequotientfunctionde�nition dependson what is ex-
pectedto berevealed.As anexample,for terrainmodeling,
theheightfunctionwill presentcritical pointsoverhills and



(a)25000vertices,
6 featurespoints.

(b) 50000vertices,7 featurespoints.

Figure 6. Evolution of the level lines of f q and
its critical points on arbitrar y shapes.

valleysandwill affordconsequentlyanappropriatetopolog-
ical description.In our approach,we would like to identify
meaningfulmeshsub-components.

As underlinedin paragraph4.1.2, the set of feature
pointsdescribesin a meaningfulway the global structure
of a shape. This set is invariant to geometricaltransfor-
mationsandvariationsin modelposeandmeshsampling.
From theseobservations,we proposeto computea mean-
ingful quotientfunction from geodesicdistancesto theset
of featurepoints.

In particular, an interestingobjective would be to make
f function level linescut aspreciselyaspossiblethebasis
of prominentcomponents,to afford a meaningfuldecom-
position. With this aim, we usethesetof featurepointsas
origins for distanceevaluationsandproposethe following
quotientfunction, computedfor eachvertex v of an input
connectedtriangulationT, notedf q in therestof thepaper:

f q(v) = 1 � �̂ (v; vc) (7)

with vc theclosestfeaturepoint from v:

vc 2 F = �̂ (v; vc) = min v f i 2 F � (v; vf i ) (8)

Figure6 presentssomecomputationsof f q overarbitrary
shapes,aswell asthenumberof extractedfeaturepoints.

In our experiments,we computethesetof geodesicdis-
tancestowardsfeaturepoints within the featurepoint ex-
tractionalgorithm. Therefore,the numberof iterationsof
theMoore-Dijkstraalgorithmover thewholemeshis equal
to the numberof featurepoints. The executioncomplex-
ity of f q computationcanbeconsequentlyapproximatedby
O(jF j � n � log(n)) , with n thenumberof verticesin the
mesh.

(a) t = 600. (b) t = 10000. (c) t = 20000.

Figure 7. Geodesic propagation overview on
a 25 000 ver tex mesh (f q function).

4.2 High level Reebgraph construction

As we can seein �gure 6, f q is a piecewise continu-
ous function only. More precisely, discontinuityappears
on areaswheregeodesicoriginschange.In �gure 6, those
areascanbe identi�ed with the rings of local minima and
local saddles(in redandblack).Fromatheoreticalpointof
view, resultingReebgraphshouldpresentasmany nodesas
functioncritical pointsandconsequentlywouldnotafford a
global,or high level, descriptionof theshape.

In this section,we proposeto challengethis issuewith
a novel critical point electionalgorithm.With this aim, we
proposeto focusonanintuitivedescriptionof Reebgraphs:
Reebgraphsare topological structuresthat depictthecon-
nectivityevolutionof the level linesof a givenscalar func-
tion de�nedona 2� manifold.

Consequently, wepresentamethodthatdoesnotpropose
to constructaReebgraphfrom theconnectivity relationsof
f critical points. Instead,we proposeto constructdiscrete
level lines aroundf global minimum andto observe their
connectivity relationswhile f evolves.

Discrete level lines evolution can be modeled as a
geodesicpropagationwithin a metric spacebasedon the
quotientfunction values. Sucha propagationcan be ob-
tainedwith the Moore-Dijkstraalgorithm,consideringfor
eachvertex its f valueasweight.

Let t beaparametricvariablethatdenotesaniterationof
thegeodesicpropagationalgorithm.Now, wecanintroduce
thenotionof discretelevel line:

De�nition 6 (Discretelevel line) Let f be a scalar func-
tion de�ned on a connectedtriangulatedsurfaceT, f :
T ! R.

Let C(t) be thesetof candidateverticesfor absorption
at theiteration t of thegeodesicpropagationalgorithm.

Let l1(t); l2(t); :::; lk (t) betheconnectedsubsetsof ver-
ticesbelongingto C(t). We de�ne each connectedsubset
l i (t) asa discretelevel line.



(a) (b) (c)

(d) (e) (f)

Figure 8. Bifur cation and junction conte xts on
a torus shape (height function).

Figure7 givesanoverview of thegeodesicpropagation
in the metric spacede�ned by f q. The areadepictedin
whitedenotestheverticesvisitedby theMoore-Dijkstraal-
gorithm, whereasthe red areascorrespondto the vertices
belongingto C(t). Moreover, eachconnectedsubsetof
C(t) (redthin lines)is referredasa discretelevel line.

This notionof discretelevel line canbecomparedto the
oneof topological ring, presentedby MortaraandPantan�e
[11]. However, their graphconstructionstrategy is highly
dependenton their quotientfunctionde�nition. Moreover,
to bene�t from the propertiesof geodesicdistances,their
quotientfunctioncomputationneedsa regularmeshre�ne-
ment, which increasesthe overall time complexity of the
approachanddecreasesits toleranceto meshsamplingvari-
ations.

In our algorithms,we analyzethe connectivity evolu-
tions of the discrete level lines at eachiteration t of the
geodesicpropagation. Moreover, we constructsimulta-
neouslya dual Reebgraph(whereconnectedcomponents
arerepresentedwith nodesandconnectivity relationswith
edges),accordingto the following notionsof topological
variations:bifurcations, junctionsandterminations.

De�nition 7 (Bifur cation) Let f be a scalar functionde-
�ned on a connectedtriangulatedsurfaceT. Let L (t) =
f l1(t); l2(t); :::; lk (t)g bethesetof discretelevel linesl i (t)
at iteration t of f propagationand vt 2 T the last visited
vertex. A bifurcationhappensin vt iff:

jL (t)j > jL (t � 1)j (9)

Figure8 presentsthe bifurcationand junction contexts
on a toruswith the height function. In 8(a), L (t) is com-
posedof only one discretelevel line, which splits in two
in 8(b): a bifurcation is createdon thegraph(�gure 8(e)).
Similarly, we introducethenotionof junctionasfollows:

De�nition 8 (Junction) Let f be a scalar function de-
�ned on a connectedtriangulatedsurfaceT. Let L (t) =
f l1(t); l2(t); :::; lk (t)g bethesetof discretelevel linesl i (t)
at iteration t of f propagationandvt 2 T the last visited
vertex. A junctionhappensin vt iff:

�
jL (t)j < jL (t � 1)j
9vn 2 Lk (vt ) = vn 2 C(t)

(10)

In 8(b), L (t) is composedof two discretelevel lines,
which merge in one in 8(c): a junction is createdon the
graph(�gure 8(f)). Finally, we introducethenotionof ter-
mination:

De�nition 9 (Termination) Let f bea scalar functionde-
�ned on a connectedtriangulatedsurfaceT. Let L (t) =
f l1(t); l2(t); :::; lk (t)g bethesetof discretelevel linesl i (t)
at iteration t of f propagationandvt 2 T the last visited
vertex. A terminationhappensin vt iff:

�
jL (t)j < jL (t � 1)j
vn =2 C(t); 8vn 2 Lk (vt )

(11)

At eachstept of the geodesicpropagation,we recon-
structL (t) andapply neededtopologicalvariationson the
graph(�gures 8(e)and8(f)), accordingto jL (t)j evolutions
(equations9, 10and11),asillustratedin thenext section.

5 Experimental resultsand comments

In this section,we presentandcommenton experimen-
tal resultsobtainedwith our methodanddiscussaboutits
applications.Presentedmodelsareconnectedtriangulated
surfacesextractedfrom the PrincetonShapeBenchmark
database[15].

5.1 Time complexity

Let n be the numberof verticesin the input mesh. As
mentionedsection4.1.2,the featurepoint extractionis re-
alizedin O(n � log(n)) steps.Moreover, f q is computed
within the featurepoint extraction. Consequently, the in-
variant quotient function computationtime complexity is
boundedby the Moore-Dijkstraalgorithm and is realized
in O(jF j � n � log(n)) .

As for thegraphconstructionalgorithm,we modelC(t)
with a binarypriority heap,which meansthatadditionand
deletionof verticesareperformedin O(log(n)) . At agiven
iterationt of thegeodesicpropagation,in orderto observe
topologicalvariationsde�ned in 4.2, we re-constructeach
discretelevel line with arecursivealgorithm,in O(n) steps.
Consequently, an iterationt of thegeodesicpropagationis
realizedin O(n + log(n)) steps.Therefore,asthecomplete
geodesicpropagationtakes n iterations,the overall com-
plexity of thegraphconstructiontakesO(n2) steps.



(a) (b) (c) (d) (e)

(f) (g) (h)

(i) (j) (k)

Figure 9. High level Reeb graphs of primitive
and comple x shapes.

Presentedalgorithmshave beenimplementedin C lan-
guageunderGNU/Linux andexperimentedonadesktopPC
with a 3GHz P4-CPUand2 gigabytesof RAM. With this
con�guration, the computationof a high level Reebgraph
takes0.23secondsfor a 2 000facemodel,2 secondsfor a
10000facemodel,17secondsfor a40000facemodeland
86secondsfor a100000facemodel.

5.2 Immersion strategies

By de�nition, a Reebgraph is a graph representation
only. Therefore,for many applications,it is mandatoryto
de�ne anR3 immersionstrategy.

In this paper, for illustrationpurpose,weusethefollow-
ing strategy: eachnodeof thehigh level Reebgraph,cor-
respondingto a whole connectedcomponent,is placedat
theeuclideanbarycenterof its relatedcomponent,asshown
in �gure 9. Notice that the root component,with bigger
radius,representstheneighborhoodof f globalminimum.
This areais isolatedwhenthegeodesicwavefront �rst col-
lapseson itself, at thebeginningof thealgorithm.

Topological skeletonsarea Reebgraphvariantthat can
be obtainedby placinga point at the euclideanbarycenter
of eachdiscretelevel line, asshown in �gure 10(a).Sucha
skeletonis a particularlypertinentshapedescriptorfor au-
tomatic meshanimation. With this aim, sincea point of

(a) (b)

Figure 10. Skeletal representation of a high
level Reeb graph (a) and an application to
mesh deformation (b).

thetopologicalskeletonreferencesadiscretelevel line, it is
possibleto move eachvertex of the relatedlevel line with
a parameterizeddisplacement,soasto geta smoothmove-
ment of the whole connectedcomponent. In our experi-
ments,wedeformedmodelsby applyingrecursively simple
rotationsto components,asshown in �gure 10(b),but more
sophisticatedstrategiescanbeused,like in [8].

5.3 High level Reebgraph properties

Stability of the high level description First, asillus-
tratedin �gure 9, both complex and primitive shapesare
well managedby our algorithm. Moreover, it canhandle
non-null genussurfacescorrectly: in �gure 9(b), the hair
of the humanoidmodelmergeswith its backwhich forms
consequentlya cycle in the graph. Secondly, we cansay
that thehigh level Reebgraphsof modelsbelongingto the
sameclass(�gure 9(b),9(c),9(d)and9(e))arequitesimilar,
whichdenotesthestabilityof our algorithm.

Finally, our geodesicpropagationwithin the metric
spacede�ned by thequotientfunction,combinedwith our
critical point election strategy, leads to accurateresults:
noneof thepresentedgraphsre�ects thepresenceof critical
pointson discontinuityareas.With traditionalReebgraph
constructionalgorithms,thegraphof themodel9(f) would
havecountedaboutninetycritical points(seecritical points
in �gure 6(b) for comparison). With our approach,only
meaningfultopologicalvariationsareencoded.

Af�ne invariance Thanks to our choice of metric
space(geodesicdistances,with origins taken relatively to
the mesh),it is quite obvious that our approachis invari-
ant againstgeometricaltransformations:translation,rota-
tion anduniform scaling.



(a)25000
vertices.

(b) 5 000
vertices.

(c) 1 000
vertices.

Figure 11. High level Reeb graph construction
algorithm robustness against mesh sampling
variations.

Robustnessto modelpose Robustnessto modelpose
can be observed in �gures 9(c) and 9(d): the graphsare
similarwhetherthearmsof thehumanoidarefoldedor not.

Robustnessto meshsampling Thanksto our notion
of discrete level line, no hypothesisaboutmeshsampling
is required. Therefore,we can statethat our Reebgraph
constructionalgorithmis tolerantagainstvariationsin mesh
sampling,asshown in �gure 11.

Thanksto thoseproperties,high level Reebgraphscan
beusedin applicationswhereinvarianceis fundamental.In
shaperetrieval for example,thosegraphscanbe extended
with geometricalattributesand shapecomparisoncan be
achievedwith graphmatchingalgorithms[6].

6 Conclusionand futur e works

In this paper, we introduceda novel methodfor thecon-
structionof invariant high level Reebgraphs,topological
entitiesthat afford a global understandingof shapes,with
satisfactoryexecutiontimesandwithout input parameters.
Thismethodis composedof threemainsteps.First,we ex-
tractfeaturepointsthanksto arobustandstraightforwardal-
gorithm.Then,weusefeaturepointsasgeodesicoriginsfor
the computationof an invariantquotientfunction f q, used
for topologicalanalysis.Finally, wedevelopedanew graph
constructionalgorithm,basedon a geodesicpropagationin
the metric spacede�ned by f q. It observesthe connectiv-
ity evolutionsof discretelevel linesandprovidesmeaning-
ful Reebgraphs,which only encodesigni�cant topological
variations.We illustratedtheutility andtheaccuracy of our
approachwith anapplicationto meshdeformation.

Theinvariancepropertiesof presentedgraphs(geometri-
cal transformations,modelposeandmeshsampling)make
themgoodcandidatesfor variousapplicationsin computer
graphics,like shapeanimation,retrieval, compression,etc.

In thefuture,wewould liketo re�ne ourmeshdecompo-
sition schemein orderto proposehigh level shapedescrip-
tionsof highersemanticinterest.
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